The attempts to calculate the spectrum of helium from the wave equation of mechanics have been based on the method of perturbations. The actual problem can presumably not be solved explicitly; but we approximate to it by a soluble problem, and determine the correct solution by successive approximations from this. The success of the method depends entirely on finding a soluble problem to serve as the unperturbed solution, which is a sufficiently close approximation to the real case; for the closer it is, the faster the process converges. Little attention has been paid to this part of the question, with the result that the solutions so far obtained,' though qualitatively interesting, are quantitatively far from the truth. In the present note, a new method of finding a soluble approximation is presented. This is applied to the problem of helium, where even the soluble, unperturbed problem gives results in close agreement with experiment, the computed ionization potential differing from the true value by less than a per cent,* indicating that the higher approximations will converge with great rapidity. The method seems to be of far-reaching application, and its usefulness in the proble-ms of the higher atoms, and of molecular structure, is discussed., 1. The Method of Perturbations.-The problems in which we are interested are those with more than one degree of freedom, so that the wave equation is a partial differential equation; for the solution of the case of one degree of freedom can be carried out, to any desired approximation, by well-known methods,2 and we may regard any problem as solved when it is reduced to a set of one-dimensional problems. If the variables can be separated, this can be done at once; so that we must consider particularly those problems where the variables a,re not separable. The method so far used in such cases has been to leave out, for the unperturbed problem, * Note Added in Proof: More accurate calculation of the unperturbed problem, carried out since the paper was tent in, has shown that the preliminary results of table 1 gave an exaggerated idea of the closeness of the agreement with experiment. Improvement of the arithmetical accuracy has raised the ionization potential from a slightly low value to about two per cent above the correct amount. In addition, Kramers' approximate method of solution for the central field problem has been replaced by an actual numerical integration of the equation, and this int s an additionl4 direpancy of two to three per cent, in the same direction, so that t.he ctrrect solutio. for the ionization potential of the unperturbed problem is five or six per cent greater than the experimental value. The correctio intoduced by the OeXt approximation is, however, of the proper sign to reduce the ionization potentil. Pr the excited level, the term is also increased by the changes, biniging it closer to the experimental value.
The attempts to calculate the spectrum of helium from the wave equation of mechanics have been based on the method of perturbations. The actual problem can presumably not be solved explicitly; but we approximate to it by a soluble problem, and determine the correct solution by successive approximations from this. The success of the method depends entirely on finding a soluble problem to serve as the unperturbed solution, which is a sufficiently close approximation to the real case; for the closer it is, the faster the process converges. Little attention has been paid to this part of the question, with the result that the solutions so far obtained,' though qualitatively interesting, are quantitatively far from the truth. In the present note, a new method of finding a soluble approximation is presented. This is applied to the problem of helium, where even the soluble, unperturbed problem gives results in close agreement with experiment, the computed ionization potential differing from the true value by less than a per cent,* indicating that the higher approximations will converge with great rapidity. The method seems to be of far-reaching application, and its usefulness in the proble-ms of the higher atoms, and of molecular structure, is discussed., 1. The Method of Perturbations.-The problems in which we are interested are those with more than one degree of freedom, so that the wave equation is a partial differential equation; for the solution of the case of one degree of freedom can be carried out, to any desired approximation, by well-known methods,2 and we may regard any problem as solved when it is reduced to a set of one-dimensional problems. If the variables can be separated, this can be done at once; so that we must consider particularly those problems where the variables a,re not separable. The method so far used in such cases has been to leave out, for the unperturbed problem, all those terms in the energy which prevent the separation of variables, regarding all these as perturbative terms, and solve the remaining problem by separation. Since these are, in general, the terms representing the interaction between electrons, it is obvious that the unperturbed problem will be a very poor approximation to the real case. We proceed in quite a different way, making no attempt to separate variables at all.
The method can be fully explained with respect to a problem of two degrees of freedom. We let the two coordinates be xi, x2, and then have the wave equation
The first step is to set up the equation 
Then we have
(by (6)).
Thus the 4°m's are orthogonal and normalized and can properly serve as a set of characteristic functions.
Next we inquire what differential equation the 0°m's satisfy. We write (2) with its indices n, (3) with its indices m, multiply (2) If the right side of equation (9) were zero, #nm would be a solution of the original equation (1), with characteristic numbers 7n.,. This, in general, will not be true. Nevertheless, from the physical nature of the method, as well as from the actual cases to be discussed later, it appears that (4) forms a decidedly good approximation to a solution of (1). Hence we may assume that the right side of (9), though not zero, is small; we have a solution of an equation near the desired one, though not exactly it; and we may apply a method essentially like Schr6dinger's3 to find the successive approximations to the actual solution. We develop the right side of (9) in a series of the orthogonal functions 4Li°m, and the rest of the procedure is almost exactly like Schr6dinger's, so that it would hardly pay to present the details. In the case where the two degrees of freedom represent identical systems, we make a change of variables, as Heisenberg4 has done, and obtain the' resonance phenomena just as he does. The essential advantage of the present method lies in the accuracy of its unperturbed solution, not in any difference in the way of carrying out higher approximations. Here there are six variables, the coordinates of the two electrons. A2 represents the sum of the second partial derivatives with respect to the coordinates of the first electron, A2 the corresponding sum for the second; ri and r2 are the distances of the first and second from the nucleus, r12 the distance between. First, corresponding to (2), we set up the equation
With r2 fixed, this is the equation for the problem of an electron in the field of two centers, one a charge 2e at the nucleus, the other a charge -e at the fixed point (x2Y2z2). In the absence of an external field, the energy levels of this problem will depend only on the distance apart of the centers (r2) and not on the orientation, which is the reason for writing e(r2) instead of e(x2y2z2) in (11). This problem can be solved; we separate variables in elliptical coordinates in the well-known way. Then we take the functions f (n2), where n stands for the three quantum numbers of the problem, The actual calculation has been carried at present far enough to find the energy levels of the unperturbed system. The problem (11) of the motion of an electron in the field of two centers, cannot be solved explicitly; but since we need only the lowest energy level, as a function of the distance of separation, it is a comparatively simple matter to find the solution numerically. Using the method employed by Burrau6 on the very similar problem of the hydrogen molecule-ion, this has been carried out with fair accuracy. The lowest energy level of this problem, regarded as a function of the distance between the charge -e and the nucleus 2e, or r2, approaches -4Rh when r2 = a), and the problem is that of an electron in the field of nucleus 2e; it approaches -Rh when r2 = 0, and the -e neutralizes one of the two charges on the nucleus. For large r2, it is approximately -4Rh + e2/r2, the sum of the energies required to remove the electron from its orbit to infinity against the combined action of the nucleus and the charge -e. As r2 becomes smaller, the polarization energy from the second order Stark effect becomes appreciable, and is the only important correction to the function above for r2 greater, say, than 1.5 times the radius of the first hydrogen orbit. For r2 smaller than this, since the solttion must approach the finite value -Rh, the development in inverse powers of r2 becomes impossible. The function which we have just slescribed is the one called eo(r2) + 2e2/r2 in (11). Subtracting 2e2/r2 from this, we see that eo(r2), which acts as the potential in the second part of the problem, approaches -4Rh-e2/r2 at large values of r2, and -Rh2e2/r2 at small r2. If we then write, in (12), eo(r2) -Om = (eo + 4Rh) -(Om + 4Rh), the first bracket approaches -e2/r2 for large r2, and -2e2/r2 + 3Rh for small r2. This is just the sort of potential we should expect to give the right answer. The energy levels of this problem are then the quantities f7Om + 4Rh; so that 71Om = -4Rh + energy levels of electron in central field. The term -4Rh obviously represents the energy required to remove the second electron after the first is taken away, since the problem as we have set it up is the problem of the whole atom. The characteristic values of the problem of potential eo(r2) + 4Rh give directly the energies in the ordinary arc spectrum, referred to the limit of this spectrum as a normal.
The problem of the motion of an electron in the central field of potential eo(r2) + 4Rh can be approximately carried out by the method of Kramers.7 He shows that a good approximation is obtained by using the ordinary radial quantum condition of the older quantum theory, only substituting (k-1/2)2 for k2, where k = 1, 2, 3, . . . for S, P, D, . . ., and by making the phase integral equal to (n + 1/2)h instead of nh, where n is the old radial quantum number. This is easily carried out by the method of Fues (loc. cit.). We give in figure 1 the P and Q curves, in Fues's notation, for the central field derived from the problem (11). The principal emphasis in the calculations made so far has been on the S states. It is obvious from the curves that the essential parts of the potential curve for the P states, as well as the D and F, lie so far out that only the polarization term in e(r2) is of importance. Since these terms have been treated by Waller and Heisenberg (loc. cit.), and have been shown to lead to the correct energies of these states, it has not yet been thought necessary to obtain the potential accurately in this region. For the S states, the parabolas have been adjusted so as to give half integral quantum numbers. We give in table 1 the energy levels so obtained, and as experimental values the mean of the singlet and triplet S levels of helium, or in the normal state the singlet level itself, which are to be compared with the computed values. The agreement is very remarkable, especially in the normal state; it is quite within the limit of error of the arithmetical calculations, which have not yet been made very accurately. Since it is so close, it seems unquestionable that the first approximation will agree very well with the facts. The computation of this approximation is now being carried out; it, is naturally rather laborious, since we must find the characteristic function by numerical integration of the equations (11) and (12), and perform mechanical quadratures of these. It is hoped to report on these calculations in a later paper. 3. Other Applications.-The method developed in the present paper yields immediately valuable qualitative information in many problems, although its quantitative applications would be more difficult. Two quite different methods of extending it to problems of more than two electrons suggest themselves. First, we could use a sort of telescoping method, solving first a problem in which all but one of the coordinates were held fast, using the energy levels of this as potentials in a problem in which all but one of the remaining coordinates were fixed, and so on. This does not seem to be of apparent practical importance. The second method is to divide the problem, as we have done with helium, into two parts, the valence electron and the rest of the atom. For a complex atom, we first solve, corresponding to (2), a problem in which.the coordinates of one electron (corresponding to x2) are held fast, and all the others are allowed to vary. The potential is then that of the problem in which we have the ion of the atom in question, in the constant external field of a single electron at an arbitrary fixed distance r2. The energy levels of this problem are functions of the parameter r2. We then have, corresponding to (3), a problem of the motion of a single electron in a central field. The field is easily seen, by the use of arguments similar to those of the previous section, to be one of the proper nature-reducing to a potential -e2/r at great distances, and -Ze2/r + constant, where Z is the charge on the nucleus, for small r. The solution of this is carried out by the method of Fues, just as in helium. Thus we have a general justification of the method of central fields, which has proved so useful empirically, directly from the wave equation. We note the limitation on the accuracy of any such approximation-it cannot give separations between terms of different multiplicities. We 'must always go to the next approximation to obtain them. It seems doubtful, however, if any unperturbed system could be set up which would not have this difficulty; for the central field theory is the best empirical approximation to the actual facts that has been found and this cannot include the multiplets. The method suggested here, of course, would be extremely difficult to carry out numerically. It justifies us in computing outer orbits from the polarizibility; but as far as inner orbits are concemed, where the problem of the perturbation of the ion in the field of a point charge at finite distances is required, it would become almost impossible. Nevertheless, one should not give up hope. In the meantime, the method could be worked backward, from central fields set up to explain the observed terms, to find empirically the solutions to this perturbation problem.
The method also has important applications to the theory of band spectra, particularly in reference to the vibration of the nuclei. We may divide the variables into two classes: the coordinates of the electrons, and those of the nuclei. Our first problem, corresponding to (2), is one in which the variables representing the nuclei are held fixed. For each electronic stationary state, we then have a function e of the nuclear variables. The next problem, corresponding to (3), is one in which the nuclear variables alone appear, with e acting as a potential energy of interaction between the nuclei. For a diatomic molecule, this is obviously a function only of the distance apart of the nuclei, and this second problem is the familiar one of the rotating nuclei with a force between them drawing them to a definite distance apart, the force being different for each electronic quantum number. It is easy to see, since the potential V in (2) includes repulsive terms between the nuclei, that Ec(x2) must become positively infinite as any two nuclei approach each other. Thus in problem (3) the nuclei will have .apparent repulsive forces if they are brought too close together. On the other hand, as the nuclei draw far apart, in many cases the function e, also increases, giving a position of equilibrium between and possible vibrational stationary states. In other cases there would be no such increase of e, for increasing r, no finite stationary states are possible, no molecule can form and our problem becomes one of the collision of two atoms. The qualitative side of the application of our method to band spectra has been noticed by Hund ;8 our perturbation method as applied to molecules may be regarded as a mathematical formulation of his ideas on the subject of intermolecular forces. The hyper-fine structure of X 2537 of mercury has been shown by Professor R. W. Wood2 to consist of five lines of very nearly equal intensity. Choosing the central component as the reference line, the separations he reports may be interpreted into relative positions and expressed in milliangstroms as follows: -24, -10, 0, +11, +22.
The optical analysis in the present work was carried out with a Hilger Lummer-Gehrcke plate of crystalline quartz, 4.24 mm. thick, in a manner similar to that employed earlier. 3 The present observations on the Zeeman effect were made with four different sources of 2537A radiation, all of which gave mutually consistent
